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Abstract

This paper analyses the effects of a low frequency A.C. magnetic field on the free surface of a liquid metal. The acti
vertical and uniform magnetic field is twofold. First it creates forced standing surface waves which generally exhibit sy
related to that of the container; second it triggers non-symmetric free surface instabilities superimposed on the forced regim
A previous paper considered the case of a circular cylindrical tank where axisymmetric forced standing waves caused a
current perturbation which then excited non-axisymmetric waves at a critical A.C. fieldintensity. Nonlinear interaction between
the symmetric and non-symmetric modes was not taken into account. The present work treats the problem from a mo
standpoint. Equilibrium perturbations are developed systematically to orderN2 (whereN is the magnetic interaction paramete
and at this level of approximation we also need to consider nonlinear mode interactions and electromagnetic dam
theory applies to tanks of arbitrary shape and the O(N) irrotational motion may be described by the torsion function for
particular pool cross-section. For circular and annular tanks we then derive a system of coupled Mathieu–Hill equation
time-development of non-symmetric surface modes. Two main types of parametric resonance are predicted, namely
or combination mode, and the particular type observed may depend on the geometry of the tank. Results of the stabilit
are confirmed by experimental work carried out in mercury pools.
 2004 Elsevier SAS. All rights reserved.
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1. Introduction

A.C. magnetic fields are commonly used in various metallurgical devices for heating and stirring liquid metals.
frequencies range from 50 Hz to 105 kHz. In that frequency range only the mean part of the Lorentz forces plays a sign
role, the liquid metal inertia being too large to respond to the oscillating part of the Lorentz forces. The very low frequen
range, i.e. from about 1 to 10 Hz, has been quite recently explored. In this case, it has been shown both experime
theoretically that the oscillating part of the electromagnetic forces could generate waves on the free surface of a liquid m
(referred to hereafter as GFS). This phenomenon occurs when the magnetic field and the first few normal wave mo
frequencies of the same order. Mercury experiments in a cylindrical tank [1] have revealed two principal types of wa
weak magnetic fields, axisymmetric quasi-steady waves appear on the free surface. These are directly forced by the
part of the electromagnetic forces. It wasalso found that above a critical magnetic field intensity symmetry-breaking occurred
and azimuthal modes developed. Their oscillation frequency in the vicinity of the transition was half that of the electrom
force.

* Corresponding author.
E-mail addresses:y.fautrelle@hmg.inpg.fr (Y. Fautrelle), sneyd@waikato.ac.nz (A.D. Sneyd).
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Low-frequency fields are currently used in a number of industrial processes. For example a low frequency pulsed A.C.
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magnetic field in the continuous casting of steel is able to replace mechanical mold vibrations [3]. Contactless free
stirring may also be used to accelerate the kinetics of mass transfer in slag-metal refining reactions [4].

A theoretical linear stability analysis has been performed by GFS in cylindrical geometry. This showed the existe
basic state consisting of forced axisymmetric waves. Moreover their simplified stability analysis showed that non-symmetric
modes were governed by a system of generalised Mathieu–Hill equations. Thus the appearance of unstable non-
modes could be attributed to parametric resonance. In GFS parametric forcing arises from the electromagnetic force pe
due to azimuthal surface waves. Any non-symmetric free surface perturbation alters the flow path of the basic axisy
induced current and the resulting electromagnetic force perturbation destabilises the free surface. However, in their anal
GFS ignored the influence of both the axisymmetric wave motion as well as the electric current created by the fluid
across the magnetic field lines. It turns out that nonlinear interactions with the axisymmetric modes are of the same
magnitude as the electromagnetic force perturbations. We show later that both are of O(N2), and the former effect is likely to
have a significant effect on stability. Furthermore, the magnetic field strength required to trigger the instability is quite
we might expect electromagnetic damping to be significant.

The present work is a continuation of previous analysis by GFS, but from a more general standpoint. We use
product method to formulate evolution equations for the wave mode amplitudes, performing a systematic expansion to orderN3,
whereN is the magnetic interaction parameter. This expansion shows it necessary to consider the two effects mention
omitted in the GFS analysis:

(i) nonlinear interactions between the forced-wave regime and non-symmetric modes;
(ii) electric currents induced by the fluid motion across the magnetic field lines.

The inclusion of these two effects produces results which are significantly different from those of GFS. Field stre
measured byN and the critical value ofN necessary to trigger the growth of a parametrically excited mode is denoted bNC .
Since effect(i) is destabilising we obtain values ofNC which are consistently smaller the corresponding GFS values — in o
words we find parametric instabilities much easier to excite. This effect is particularly important when the field frequ
nearly half that of a forced wave; then the forced-wave amplitude becomes very large and non-symmetric modes are
by a relatively weak field. On the other hand, magnetic damping, effect (ii), suppresses many unstable modes found
Indeed one complete class of instabilities entirely disappears.

In section two we establish the equations governing forced surface waves — the first-order basic state. Our m
analysis is formulated for tanks of arbitrary cross-section, and as well as the circular tank we consider rectangular an
geometries. Then in section three we continue the expansion of the evolution equations to O(N)2. An important advantage o
the inner product method is that the orderN2 rotational flow does not have to be found explicitly. We then use the nonli
evolution equation to derive a linear equation describing the growth of non-symmetric modes in cylindrical or annula
Section four is devoted to analysis of results and comparisons between theory and experiment. Conclusions are sum
section five.

2. First-order analysis

We consider a tank with vertical walls and an arbitrary (but uniform) horizontal cross-section. Our method is most clea
formulated if we make no particular assumptions about the tank cross-section, but later we specialise to cylindrical an
geometries. The tank contains fluid of densityρ and electrical conductivityσ to a depthh, and a uniform vertical alternatin
magnetic field

B = B0 sin(ωt)ẑ (1)

is applied (Fig. 1). We assume the fluid incompressible soρ is constant and

∇ · v = 0,

wherev is fluid velocity. The time-dependent field induces an electric current in the fluid which interacts with the fi
produce a Lorentz force, which stirs the fluid and creates a pattern of standing waves on the free surface.

The first-order analysis is dedicated to the determination of the forced regime. We shall make two approxi
throughout: first that the magnetic diffusion timeL2µ0σ (whereL is a typical length scale andµ0 the permeability of free
space) is much larger than an oscillation period — i.e.

ωL2µ0σ � 1, or R∗
m � 1, (2)
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Fig. 1. Sketch of the geometry.

whereR∗
m is a magnetic Reynolds number based of the velocity scaleωL. Approximation (2) also means that the magnetic fi

due to the induced currents is small compared with the applied field, and may be neglected. Our second assumption
ratio of electromagnetic to inertia forces is small, which is equivalent to assuming a small interaction parameter,

σB2
0

ωρ
= N � 1, (3)

as shown in GFS. In the forced-wave regime the induced Lorentz force of orderσωLB2
0 provides the free-surface accelerati

ω2ρη0, whereη0 is a typical free-surface displacement. Thus

η0 ≈ NL. (4)

N will be used as a small expansion parameter.

2.1. The Lorentz force

Combining Faraday’s law and Ohm’s law,

∇ × E = −∂B

∂t
, J = σ(E + v × B). (5)

Note that∣∣∣∣v × b

E

∣∣∣∣ is O(N),

so since we have assumedN � 1 we can neglect the induced currentσv × B at this level of approximation. It follows th
induced electric currentJ satisfies,

∇ × J = −σωB0 cos(ωt)ẑ. (6)

If we make the usual MHD approximation thatJ is solenoidal, and assume the container walls to be insulating, thenJ must
also satisfy

∇ · J = 0, J · n̂ = 0 on∂V . (7)

Here∂V is the closed surface bounding the volumeV of conducting fluid, comprising the tank walls, base, and free surf
andn̂ is the outward unit vector normal to∂V .

Eq. (4) shows in calculating the electric current to orderN we may assume the free surface horizontal. In this case
induced electric current is also purely horizontal and independent of the vertical co-ordinatez, so there is no build-up of electri
charge on the free surface. It also follows thatJ can be represented by a flux functionG(x,y),

J = ∇G × ẑ, G = constant onC, (8)

whereC is a curve in the(x, y)-plane corresponding to the cylinder walls. Since quantities of interest depend only on th
gradientof G we can choose the constant to be zero, provided the region is simply connected. The form (8) satisfies
identically, and (6) will also be satisfied provided

∇2G = σωB0 cos(ωt). (9)
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G = −σωB0 cos(ωt)T (x, y), (10)

whereT (x, y) is the torsion functionfor the interior of the closed curveC — i.e. T is the solution of the boundary-valu
problem

∇2T = −1, T = 0 onC. (11)

The problem (11) arises in the elastic theory of twisted rods [5, §16] and also in the theory of Poiseuille flow [6]. For a number
of simple cross-section geometriesT is given by an analytic formula; for the circler = a,

T = 1

4

(
a2 − r2)

,

and for the ellipsex2/a2 + y2/b2 = 1,

T = a2b2

a2 + b2

(
1− x2

a2
− y2

b2

)
.

Multiply-connected regions require a slightly more detailed analysis, sinceG may takedifferentconstant values on differen
boundaries. In particular we need to consider an annular tanka � r � b (cylindrical polars). Since

A = 1

2
ωB0 cos(ωt)r θ̂

is a vector potential for∂B/∂t , it follows from the first of Eqs. (5) that

E = −A + ∇φ,

whereφ is an arbitrary function. Taking the divergence of this equation and noting thatJ · n̂ = 0 on the wallsr = a, r = b we
conclude that,

∇2φ = 0, ∇φ · n̂ = A · n̂, on r = a, r = b.

It follows thatφ = 0, E = −A, J = −σA and

T = −1

4
r2. (12)

The Lorentz force can be found using (8) and (9):

J × B = (∇G × ẑ) × B0 sin(ωt)ẑ = 1

2
σωB2

0 sin(2ωt)∇T . (13)

This force field is irrotational, so for large Reynolds numbers the velocity fieldv will be irrotational (except in thin viscou
boundary layers on the cylinder walls).

2.2. The free surface expansion

To describe the free-surface displacement it is convenient to follow Wang [7] and introduce the functionsEn(x, y),
n = 1,2, . . . , which are the eigenfunctions of the problem,

∇2En + λ2En = 0, ∇En · n̂ = 0 onC. (14)

Note that integrating this equation over the tank cross-section shows∫
En dx dy = 0.

The free surface displacementη is then expanded in the form

η =
∞∑

n=1

an(t)En, (15)

where thean are functions of time to be determined. Although the eigenfunctions are necessarily real they may be writ
in complex form for ease of manipulation, in which case thean will also be complex. For example the circular cylind
eigenfunctions can be written in the form

eimθJm(λmnr), (16)
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whereλmn then-th zero ofJ ′
m(λa). To ensure that the free surface displacementη is real, the coefficients corresponding to the

±imθ

e, on
eigenfunctionsJm(λmnr)e must be complex conjugates. For the annulus, the eigenfunctions are

eimθymn(r),

whereymk(r) is then-th eigenfunction of the eigenvalue problem,

r2y′′ + ry′ + (
λ2r2 − m2)

y = 0; y′(a) = y′(b) = 0.

The functionsEn form an orthogonal sequence:∫
EnE∗

q dx dy = δnq‖En‖2;
∫

∇En · ∇E∗
q dx dy = δnqλ2

n‖En‖2, (17)

where

‖En‖2 =
∫
V

EnE∗
n dV,

the asterisk denoting the complex conjugate. We also define a related sequence of harmonic functions, by setting

φn(x, y, z) = coshλn(z + h)En(x, y)

λn sinhλnh
= En(x, y)fn(z) say. (18)

These functions satisfy

∇2φn = 0, ∇φn · n̂ = 0 on SW and SB,

(
∂φ

∂z

)
z=0

= En, (19)

whereSW is the vertical cylinder wall andSB the cylinder base.

2.3. Evolution equations

The linearised Euler equation of motion is

ρ
∂v

∂t
= −∇P + J × B. (20)

HereP = p + ρgz, wherep is the fluid pressure. We neglect surface tension, so on the free surfacep = 0 and the linearised
boundary conditions are:

(P )z=0 = ρgη, η̇ = (vz)z=0. (21)

We define theinner productof two vector fields as

〈A,B〉 =
∫
V

A · B∗ dV,

and derive evolution equations for thean(t) by taking the inner product of (20) with each of the test functions∇φn [7]. The
first term, for example gives

ρ〈v̇,∇φn〉 = ρ

∫
V

∇ · (φ∗
n v̇)dV =

∫
S

φ∗
nv̇z dx dy,

whereS is the free surfacez = 0 (assumed plane to orderN). We have used Gauss’s Theorem, the tank walls and bas
which v · n̂ = 0 giving no contribution to the resulting surface integral. Using the second of Eqs. (21) and the orthogonality of
the eigenfunctions, this simplifies to:

ρ〈v̇,∇φn〉 = fn(0)

∫
S

E∗
nη̈dx dy = 1

λnTn
‖En‖2än, (22)

where

Tn = tanh(λnh).

The two other terms are dealt with similarly and we obtain the following evolution equation:

än + Ω2
nan = 1

2
ω2

NλnΓnTn sin(2ωt), Ω2
n = gλnTn. (23)
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Fig. 2. Forced-wave displacement in a circular mercury tank of radius 0.095 m for two applied frequencies. The elevationη/(Nsin(2ωt)) is
plotted.

The frequenciesΩn are just the natural gravity-wave frequencies; the coefficientΓn represents the force arising from th
induced current, and is defined in the appendix.

When the applied field has been switched on for a long time, so that transient solutions of (23) have decayed su
(e.g. under the influence of viscous or ohmic dissipation not included in this O(N) analysis) a periodic solution proportional
sin(2ωt) will be established;

η =
∞∑

n=1

Enan(t), an(t) = Nhn sin(2ωt), (24)

where thehn coefficient is defined in Appendix A. For the circular cylinder,

η = 1

8
Nsin(2ωt)

∞∑
n=1

TnJ0(λ0nr)

λ0nJ0(λ0na)[1− (Ω2
n/4ω2)] , (25)

which is identical to Eq. (2.18) of GFS. The torsion function for the circular cylinder is axisymmetric, so from (16) we s
Γn = 0 except for them = 0 modes. Thus only eigenfunctions of the formJ0(λ0kr) appear in the expansion (24), and the surf
waves form circular concentric ripples. A comparison given in GFS with experimental results shows good agreemen
shows free-surface profiles in an cylindrical tank for two excitation frequencies. Fig. 3 shows a photograph of the expe
forced wave regime in a cylindrical tank.

The flow, being irrotational is determined uniquely by the specification ofvz(x, y) on the free surface. It follows that

v =
∞∑

n=1

ȧn∇φn + O
(
N2). (26)

In this section we used an approximation of order zero inN for the free-surface displacementη to find the improved
approximation (25) which is O(N). In the next section, to describe the growth of non-axisymmetric modes, we use our(N)
expressions forη andv to derive a mode-evolution equation accurate to O(N2).

3. Analysis to order N2

Galpin and Fautelle [1] found in their experiment with a circular tank that for sufficiently strong magnetic fields
axisymmetric modes were excited. This observation implies that the forced-wave solution for the circular tank (25) may
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Fig. 3. Axisymmetric forced-wave pattern in a cylindrical tank [1]. The dominant mode is (0,15) with eigenfrequency 5.61 Hz. The fi
frequency is 7.995 Hz. The pool radiusa = 0.095 m and the depthh = 0.113 m;B0 = 0.080 T.

unstable. In the previous section we used a linearised form of Euler’s equation so the coefficient evolution equation
also linear, not admitting the possibility of instability. This same equation shows that generally the expansion coeffican

are of first order in the expansion coefficientN.
To analyse non-symmetric instability it is therefore necessary to use a higher-order approximation and consider terms

Euler’s equation which are quadratic in the expansion coefficients — i.e. to continue the expansion to O(N2). Again our
expansion is valid for containers of arbitrary shape. Although (26) shows the O(N) flow to be irrotational, the O(N2) flow will
not necessarily be so, but our inner product method does not necessitate an explicit calculation of this rotational flow.

3.1. Current correction

In the last section we assumed purely horizontal electric current flow, with the consequence that the boundary condition
J · n = 0 at the non-planar free surfacez = η is satisfied only to zeroth order. In a higher-order calculation we need to
account of the perturbation current caused by surface ripples, and also the current induced by the fluid velocity.

According to Ohm’s law,

J = σ(E + v × B). (27)

As before we use Faraday’s law to determine the electric field,

E = −ωB0 cos(ωt)∇T × ẑ + ∇V = E0 + ∇V say, (28)

whereV is an arbitrary scalar potential. Substituting (28) into (27) we obtain,

J = σ(E0 + ∇V + v × B) (29)
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and taking the divergence (remembering thatv is irrotational to leading order) we find∇2V = 0. The current potentialV is

rst of

d of

peated

terms

In (38)
second

. Finally,
now uniquely determined by the boundaryconditions necessary to ensure thatJ · n̂ = 0 on all boundaries, namely:

Vz(x, y,−h) = 0, Vz(x, y,0) = E0 · ∇η, (30)

(∇V · n̂)SW
= −v × B · n̂. (31)

The terms∇V andv × B are both O(NσE0) and represent the second-order correction to the current. In GFS only the fi
these terms was considered, but since they are of the same order both should be included.

A solution can be formulated by writingV as the sum of two harmonic functionsV = V1 + V2. The first function is made
to satisfy the free-surface condition arising fromE0:

V1z(x, y,−h) = 0, V1z(x, y, η) = E0 · ∇η, ∇V1 · n̂ = 0 onSW ; (32)

while the second satisfies that due to the induced current:

V2z(x, y,−h) = V2z(x, y,0) = 0, (∇V2 · n̂)SW
= −v × B · n̂. (33)

We can expandV1 in the form

V1 = ωB0 cos(ωt)

∞∑
n=1

cnφn (34)

which immediately satisfies the first and third of conditions (32). Thecn are constant coefficients determined by the secon
(32) and (28):

−∇T × ẑ ·
∞∑

m=1

am∇Em =
∞∑

m=1

cmEm.

Multiplying each side byE∗
n and integrating over the tank cross-section, we find

cn = Znαaα (35)

where the coefficientZnα is defined in Appendix A. In this equation, and subsequently, we use the convention that re
Greek subscripts are summed from 1 to infinity.

The third of conditions (33) can be rewritten using (26) in the form,

(∇V2 · n̂)SW
= −B0 sin(ωt)ȧαfα(z)

∂Eα

∂

,

where
 is horizontal distance around the cylinder wall. If we define a sequence of functionsψn(x, y, z) satisfying,

∇2ψn = 0,
∂ψn

∂z
(x, y,0) = ∂ψn

∂z
(x, y,−h) = 0,

(∇ψ · n̂)SW
= fn(z)

∂En

∂

, (36)

then the solution forV2 can be written,

V2 = −B0 sin(ωt)ȧαψα. (37)

3.2. Euler equation and free-surface conditions

Since we neglect viscosity, fluid motion is described by Euler’s equation, where now we retain terms up to O(N2). Thus the
Lorentz force term now includes the currents∇Vi and the induced current. In the quadratic acceleration term, we retain
in v2 wherev is the O(N) irrotational velocity given by (26). Euler’s equation therefore takes the form,

ρ
∂v

∂t
+ 1

2
ρ∇(v2) = 1

2
σωB2

0 sin(2ωt)[∇T + cα∇φα × ẑ] − σB2
0 sin2(ωt)[vH + ȧα∇ψα × ẑ] − ∇P, (38)

wherevH is the horizontal component ofv and the expansion (29) has been used to express the current perturbation.
the first term of the right-hand side which involves the torsion function is responsible for the forced-wave regime. The
term is a force perturbation which arises from deviation of the electric current flow due to the free surface deformation
the third and the fourth terms describe electromagnetic damping of the liquid metal flow.
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On the free surface,p = 0, so,

ll

lement

st
(P )z=η = ρgη. (39)

The kinematic boundary condition is obtained by noting that a fluid particle initially on the free surface remains there for a
time. Thus

D

Dt
(z − η) = vz − ∂η

∂t
− v · ∇η = 0.

Differentiating with respect to time we obtain

v̇z − v̇ · ∇η = η̈ + v · ∇η̇. (40)

3.3. Evolution equation

As before, the evolution equation is obtained by taking the inner product of (38) with the∇φ∗
n .

Term 1. For the first term we find

I1 = ρ〈v̇,∇φn〉 =
∫
V

∇ · (φ∗
n v̇)dV = ρ

∫
SF

φ∗
n v̇ · dS,

whereSF is the free surfacez = η, the tank walls and base giving no contribution to the surface integral. The surface e
on F is given by

dS = (ẑ − ∇η)dx dy

so we can use (40) to obtain

I1 = ρ

∫
F

φ∗
n(x, y, η)(η̈ + v · ∇η̇)dx dy. (41)

To evaluateφ∗
n on the free surfacez = η we expand as a Taylor series aboutz = 0 using (18) and (19), and find that the fir

term of (41) gives∫
(sn + η)E∗

nη̈ dx dy, sn = fn(0) = 1

Tnλn
.

Using the expansion (15) and the orthogonality of the eigenfunctions this can be written

‖En‖2(snän + Qnαβaαäβ) (summation convention), (42)

where the coefficientQnαβ is defined in Appendix A. The second term of (41) is quadratic in the coefficientsan so to orderN4

we simply integrate over the unperturbed free surfacez = 0. Using similar methods we obtain the expression

‖En‖2snsαQ′
nαβ ȧαȧβ (43)

(see Appendix A). Combining (42) and (43) we find

I1 = ρ‖En‖2[snän + Qnαβaα äβ + snsαQ′
nαβ ȧαȧβ ]. (44)

To leading order inN we may replacëaβ in the quadratic term of (44) by

äβ = −Ω2
βaβ,

maintaining the same level of approximation.
Term 2. The inner product arising from term 2 is,〈

1

2
∇(v2),∇φn

〉
= 1

2

∫
V

∇ · (v2∇φ∗
n)dV = 1

2

∫
F

v2E∗
n dx dy. (45)

Since this expression is quadratic inv and terms of orderN4 or higher are neglected, we may take the free surface to bez = 0.
Likewise we use (26) for the velocity field and find

(v2)z=0 = sαsβ [∇Eα · ∇Eβ + EαEβ ]ȧα ȧβ ,
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then substitute into (45) to obtain,

r the
I2 = 1

2
ρ‖En‖2[sαsβQ′

nαβ + Qnαβ ]ȧα ȧβ . (46)

Term 3. Taking the inner product of∇φn with the first term on the right-hand side of (38) we first note that sinceT is
independent ofz,

∫
V

∇T · ∇φ∗
n dV =

η∫
−h

dz

∫
fn(z)∇T · ∇E∗

n dx dy.

The result of thez-integration isλ−2
n + ηsn + O(N4), and the integral reduces to,

‖En‖2(Γn + snRnαaα). (47)

The remaining contribution to term 3 is
∫
V

cα(∇φα × ẑ) · ∇φ∗
n dx dy dz = cαFnαSnα, (48)

(see Appendix A). Using (35) we can combine (47) and (48) and write

I3 = 1

2
σωB2

0 sin(2ωt)
[
Γn‖En‖2 + (‖En‖2snRnα + ZαβSnβFnβ

)
aα

]
. (49)

In the right-hand side of (49) the term involvingΓn corresponds to the forcing of the axisymmetric modes. It vanishes fo
non-symmetric modes (m 
= 0).

Term 4. The inner product〈∇ψα × ẑ,∇φn〉, can be written in terms of the coefficients defined in Appendix A, as

sn‖En‖2Tnα. (50)

Also,

(v × ẑ) × ẑ = v − vzẑ = ȧαfα(z)∇Eα,

so taking the inner product with∇φn and using (17) yields,

Fnnȧnλ2
n‖En‖2.

Thus the complete inner product from term 4 is,

I4 = −σωB2
0 sin2(ωt)[snTnαȧα + Fnnλ2

nȧn]‖En‖2. (51)

Term 5. The final inner product

I5 = 〈∇P,∇φn〉 =
∫
V

∇ · (P∇φ∗
n)dV =

∫
F

ρgη∇φ∗
n · (ẑ − ∇η)dx dy,

using (39). Arguments similar to those already used show that

I5 = ρgan‖En‖2 + 1

2
ρg‖En‖2snλ2

nQnαβ aαaβ . (52)

Collecting termsI1 to I5 we obtain the evolution equation,

än + Nωνn sin2(ωt)ȧn + Ω2
n(an + Unαβaαaβ) + Vnαβ ȧαȧβ

= 1

2
ω2

Nsin(2ωt)(λnTn + Wnαaα) − ωNsin2(ωt)Tnαȧα, (53)

where the coefficientsνn, Unαβ , Vnαβ , Wnα andTnα are defined in Appendix A. Note that if we discard O(N2) terms from
this equation — remembering that thean coefficients are O(N) — we recover (23).
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3.4. Growth of a non-axisymmetric mode in a circular or annular tank
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Eqs. (55)
r a
We can use (53) to derive an equation for the growth of non-symmetric modes. Suppose that all non-symmetric mod
small amplitude, sayε whereε � N. In (53) we letan be a non-symmetric mode with azimuthal wavenumberm, and neglect
terms of O(ε2). TheU andV terms which involve double summations require special care. Since we neglect O(ε2) terms in

Unαβaαaβ

eitheraα oraβ must represent a symmetric mode with coefficientNsin(2ωt)hα orNsin(2ωt)hβ (24). TheU term can therefore
be written in the form,

Nsin(2ωt)(Unαβ + Unβα)hαaβ . (54)

Moreover,Unαβ is proportional to the coefficient

Qnαβ = ‖En‖−2
∫
S0

E∗
nEαEβ dx dy,

(A.1). Since the azimuthal wavenumbers forEα andEn and 0 arem respectively, theQ coefficient vanishes unlessEβ , and
henceaβ also represent waves of azimuthal wavenumberm. Thus in (54) theaα are all of azimuthal wavenumberm, and
the evolution equation foran involvesonly coefficients of the same azimuthal wavenumber. In other words the non-symmetr
modes for variousm evolveindependently. TheV term can be dealt with similarly, and the evolution equation takes the fo

än + Nωνn sin2(ωt)ȧn + Ω2
n

[
an + Nsin(2ωt)unαaα

] + 2Nω cos(2ωt)vnαȧα

= 1

2
ω2

Nsin(2ωt)Wnαaα − ωNsin2(ωt)Tnαȧα, n = 1,2,3, . . . , (55)

where the coefficientsunαβ , vnαβ are defined in Appendix A.

In (55) the two coefficients of sin2(ωt) represent electromagnetic damping. The first term of the right-hand side includ
destabilising force perturbation derived by GFS. The termsunα , vnα represent nonlinear interaction with symmetric modes
may be also destabilizing, depending on the value of the magnetic field frequency as we shall see later.

4. Results and comparison with experiments

4.1. Onset of parametric instability

Eqs. (55) are linear with periodic coefficients — essentially a system of coupled Mathieu–Hill equations. Provid
interaction coefficientN is small, there are simple approximate criteria for the onset of parametric instability [8]. Thes
be expressed in terms of the various equation coefficients, formulae for which in the case of the circular cylinder a
in Appendix B. Certain of the coefficients such as theQnαβ cannot be expressed by a simple formula, and must be foun
numerical integration. The corresponding coefficients for the narrow-gap annulus are given in Appendix C, and illustrate ho
pool geometry may select the type of transition. Experiments have been performed in an annular tank [9].

Whether a solution of (55) grows or decays depends on the values of the interaction parameterN and the forcing
frequency 2ω. Regions of instability may arise from points on theN = 0 axis in the(ω,N)-plane where the natural frequenci
are simply related to the forcing frequency. Specifically suchresonance pointsoccur when,

ω = Ωn, ω = Ωn + Ωm

2
, or ω = Ωn − Ωm

2
.

We refer to these as type I, type II and type III resonances respectively. The approximate theory [8] gives simple cr
determining whether or not a particular resonance point is the source of an instability region. Stability depends esse
the relative strengths of the damping and forcing terms. When an instability region does arise it is bounded by a pair of straig
lines of equal and opposite slope passing through the resonance point. The earlier paper GFS did not include electr
damping and all resonance points generated instability regions, but we shall see that many of these disappear when
included.

The approximate theory [8] shows that instability at a resonance point can be analysed with a reduced set of
consisting of only those equations involving the natural frequenciesΩn, Ωm which determine the resonance point. Thus fo
type I resonance we need consider only a single equation, and for type II and type III resonances a pair of equations.
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very large when

Ω2
n ≈ 4ω2.

Thus, whenω ≈ 1
2Ωn the coefficientsunα , vnα in (55) also become large. We have in effect a “dual resonance” bet

axisymmetric and non-axisymmetric modes. In the simpleN � 1 theory it is assumed thatω is constant but clearly, because
the possibility of axisymmetric mode resonance, variations inω must have an important effect. The simple approximate the
does not give an accurate global picture of the stability boundaries.

To compare theory and experiment the stability boundaries were therefore calculated numerically. To determine the stabilit
of a point in the(ω,N)-plane, the Floquet matrix was calculated by numerical integration of (55). The eigenvalues we
calculated numerically, an eigenvalue with absolute value greater than unity indicating instability. The stabilityboundary search
was started at a resonance pointω = Ωn on theω-axis, then tracked by finding two further points on either side of the boun
and locating the next boundary point by a bisection method.

4.2. The circular cylinder

The paper GFS made a comparison between the theoretical and observed critical magnetic field strength necessa
various parametric instabilities. The agreement was only qualitatively correct and the more complete analysis given h
be expected to give better results.

We should however point out that comparison with experiment is fraught with difficulty, and we cannot expec
quantitative agreement. The critical value ofN necessary to excite an instability, sayNC is very sensitive to the frequency, an
a small error inf may produce a large relative error inNC . Also a small difference between the experimental eigenfrequen
and the theoretical ones may produce a relatively large change in the theoretical value ofNC . The theoretical determinatio
(23) of the eigenfrequencies may become inaccurate for small wavelengths because of the complex dynamics of the
near the lateral wall [10]. Indeed, in calculating natural frequencies we have used the meniscus correction suggest
paper. Although we have included electromagnetic damping, other damping sources have been neglected, such as viscosity
perhaps more importantly, damping due to movement of the mercury meniscus on the tank walls. The latter effect w
difficult to calculate theoretically, but a method has been suggested by Hocking [11]. Meniscus damping was consi
Ursell [12] to be the main source of disagreement between theoryand experiment. We therefore expect theoretical predict
of NC to be somewhat smaller than experimentally measured values.

The approximate theory for type I resonances show that form � 7 only the basicn = 1 mode with eigenfunctionJm(λm1)

gives rise to a parametric instability in the range of experimental frequencies used by Galpin and Fautrelle [1]. It app
electromagnetic damping eliminates then > 1 modes of shorter radial wavelength. Form > 7, type I resonances occur for a
n in the range 1–10 (at least), but then = 1 mode always has by far the largest growth rate. Indeed onlyn = 1 modes have
been observed experimentally. All type II resonances appearto be destabilising, but the lowest frequency is about 8.5 Hz
the upper end of the experimental range. None of the first 60 type IIIresonances is destabilising.Note that the type I instability
is created by the interaction with the axisymmetric modes as well as the perturbation of the basic electric current as
by Galpin et al. [2].

Table 1
Experimental results of Galpin [13] and Galpin andFautrelle [1] obtained in a mercury cylindrical
tank witha = 0.095 m and depthh = 0.113 m. Them column lists the azimuthal wave number;Fm

andFm
c denote respectively the values of the eigenfrequencies given by the simple formula (23) and

the corrected estimates given by Miles [10].N is the experimentally observed stability threshold and
N′ the theoretically calculated threshold. Frequencies are given in Hz

(m) Fm Fm
c f N N′

3 3.315 3.321 3.37 0.114 0.097
4 3.730 3.743 3.63 0.208 0.116
4 3.730 3.743 3.78 0.093 0.043
4 3.730 3.743 3.84 0.161 0.151
5 4.097 4.120 4.03 0.138 0.077
6 4.430 4.467 4.43 0.106 0.026
8 5.023 5.100 5.05 0.051 0.012
11 5.792 5.954 6.00 0.044 0.035
15 6.672 7.010 7.00 0.026 0.026
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t

Fig. 4. Comparison between theory and experiment. The points marked with circles show to the difference between the experimental valu
Nc and that derived from the present theory. The crosses show differences based on the GFS theory. The pool radiusa = 0.095 m and the depth
h = 0.113 m.

Fig. 5. Stability boundaries for modesm = 3 to m = 6.

The experiments described by Galpin and Fautrelle [1] and by Galpin [13] included only a few measurements ofNC , all
made in the vicinity of type I resonances. Table 1 summarises the results. The values of the eigenfrequenciesFm correspond to
the simple formula (23). However, to achieve the comparison we use a corrected estimateFm

c established by Miles [10]. Tha
correction takes into account both surface tension and the meniscus effects near the pool edge.
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Fig. 6. Stability boundaries for modesm = 7 to m = 10.

Fig. 7. Stability boundaries for modesm = 11 tom = 15.

The agreement between the observed and calculated stability threshold is erratic, but as expected, the theoreticalN′ is
always smaller than the observed valueN. Some of the difference may therefore be attributed to neglected sources of dam
Fig. 4 illustrates the difference between the GFS calculations ofNC and the present results. Generally the GFS predict
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Fig. 8. Pattern corresponding to a sub-harmonic regime (type I) observed on the free surface of a cylindrical mercury pool. The obs
dominant mode is (3,1) with eigenfrequency 3.43 Hz. The applied frequency is 3.20 Hz,a = 0.095 m,h = 0.113 m,B0 = 0.28 T.

are too high, probably because nonlinear mode interactions were neglected. The present theory is also much more
higher frequencies.

Figs. 5–7 show numerically-calculated stabilityboundaries over the range 2.8 Hz to 7.3 Hz. The points in the (ω,N)-plane
at which transition to instability has been observed are marked by crosses, and it can be seen that these are generally
boundaries. The dotted vertical lines mark resonant frequencies of axisymmetric modes. The stability boundary approaches th
N = 0 axis in the vicinity of these lines, indicating strong destabilisation by large-amplitude axisymmetric modes. The
frequency correction due to Miles [10] was used throughout.

Fig. 8 shows some typical type I resonances in a cylindrical mercury tank of radius 9.5 cm. In both cases the forced w
always superimposed on the azimuthal modes. Accordingly, identification from a photograph is not so easy. However
of the video as well as the instantaneous amplitude recordings allow the identification of the resonance type [1]. In F
example, the dominant mode is (3,1) whose eigenfrequency is close to the magnetic field frequency.

4.3. The narrow annulus

Experiments have been performed in annular tanksa � r � b by Fautrelle [9]. If we assume a narrow gap, taking(b−a) � a

the analysis is greatly simplified, and the coefficients can all be expressed by simple formulae given in Appendix
noteworthy that the matricesunα , vnα andWnα have zero coefficients on their diagonal. Sneyd [8] has shown that in tha
only type II resonances occur.

A numerical calculation of the stabilityboundary is shown in Fig. 9. For consistency with the assumptions, only sma
values ofN may be considered. Two non-symmetric modes have been considered, namelya0 anda1 for m = 3 corresponding
to experiments discussed below. The results confirm that only the type II, i.e., the combination resonance appears.
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Fig. 9. Computed stability diagram for a narrow mercury annulus, using two-mode truncation. The critical value of the interaction paramete
N is plotted versus the field frequency in Hz. The eigenfrequencies of the modes (3,0) and (3,1) aref3,0 = 3.526 Hz andf3,1 = 4.862 Hz
respectively in the narrow gap approximation. In the annulus case with finitegap, the theoretical eigenfrequencies of the modes (3,0) and (3,
aref ′

3,0 = 2.558 Hz andf ′
3,1 = 4.422 Hz respectively. The dots represent experimental points. The circles correspond to the experimen

values which have been shifted to coincide with the values of the narrow-gap approximation.

there also exists a strong resonance forf = 2.12 Hz. Actually, the latter frequency corresponds to a resonance point fo
first axisymmetric mode, so the coefficienth1 in (24) becomes large. Accordingly, the coefficients of the matricesunα , vnα

become large as well, and the stability of the system is lowered. The latter result confirms that forced mode may also
destabilise the system.

Another series of experiments was performed in an annular tanka � r � b by Debray and Fautrelle [9] and Debray [14
Here the inner tank radius was 5 cm and the outer 9 cm, so the narrow-gap approximation caused some inaccuracy
this approximation is probably adequate for estimating the coefficients, given the other sources of experimental e
main discrepancies arise from the use of the narrow gap approximation. First, the natural frequencies are different, alt
orders of magnitude are similar. Second, the experimental geometry in Debray and Fautrelle [9] is intermediate bet
circular cylinder and the narrow annulus, so that in the experiments both type I and type II resonances are observed.
the experiments indicate that the strongest resonances correspond to type II transitions.

For example a type II resonance involving the modes (3,0) and (3,1) (m = 3) was observed and analysed. The results
illustrated in Fig. 9. The experimental stability boundary is shown and compared with the results of the narrow gap theory. Not
that in those experiments the mercury was covered by a water layer of 0.10 m depth. It was checked that in the expe
stability “tongue” was a mode combination transition involving the modes (3,0) and (3,1) with eigenfrequenciesf ′

3,0 = 2.56 Hz

andf ′
3,1 = 4.42 Hz respectively. Those eigenfrequencies were very close to the theoretical estimates taking into acco

surface tension and the presence of the water layer for a finite gap annulus. The present theoretical stability boundary is shifted
because of the narrow gap approximation which yields different values of the eigenfrequencies. However, the slop
theoretical and experimental stability boundaries are quitesimilar. The theoretical threshold is consistently lower than
experimental one, as expected.

Fig. 10 shows a typical type II resonance in an annulus Debray and Fautrelle [9]. The dominant modes are (3,0) an

5. Discussion and conclusions

We have considered the effects of a very low frequency A.C. magnetic field on a liquid metal domain having a free
The analysis is based on an inner product method, and various shapes of liquid domain have been considered. We
the magnetic field has two major effects. First, it creates forced standing surface waves. These forced waves posses
symmetry properties as the liquid domain. It is noteworthy that they may be described by a simple torsion functio
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Fig. 10. View of a type II regime in a mercury annulus Debray and Fautrelle [9] without a covering water layer. The dominant modes
(3,0) and (3,1), whose theoretical eigenfrequencies respectively are 2.76 Hz and 4.76 Hz.The frequency and strength of the magnetic fi
respectively are 3.86 Hz and 0.23 T. The pool dimensions area = 5 cm,b = 9 cm andh = 2 cm.

can be easily determined for many domain shapes. Second, it is shown that non-symmetric modes may be unstable
magnetic field amplitude exceeds a critical value. This instability may appear as a simple parametric resonance (the
type I resonance) or as combined-mode resonances (type II or type III resonances). The appearance of type I and II
have been confirmed by experiments in annular tanks.

This instability originates from two main mechanisms. First, the non-symmetric free-surfacedisplacements creat
perturbations of the basic (symmetric) electric current, which lead todestabilising electromagneticforce perturbations. Secon
nonlinear interaction with the forced symmetric solution is also destabilising. Note that in the circular cylinder case, t
mechanism is predominant. It is also found that the shape ofthe tank influences the transition type. For example, in
narrow annulus case only mode-combination instability may be obtained, whilst in the circularcylinder both type I and type I
transitions are observed.

The solution procedure is facilitated by the fact that the O(N) forced waves are irrotational, and that the inner product me
makes a detailed calculation of the O(N2) rotational flow unnecessary. Note that in the experiments Galpin [13] the su
wave pattern was very stable and could be observed for several thousands of oscillation periods. Some rotational motions hav
been observed only for a magnetic field frequency greater than approximately 10 Hz.

From the comparison between the theoretical and experimental results we see that experimental magnetic field
are greater than the theoretical ones. One reason could be viscous damping which is not taken into account in the pres
In particular, two types of viscous boundary layer will form on the tank walls. First, we may find boundary layers gener
the external oscillatory flow, whose thickness is Batchelor [6]

O

(
ν1/2

ω

)
.

For mercury and a magnetic field frequencyf = 2 Hz, the typical depth of the viscous layer is 90 µm. Second, the vis
layers may be of Hartmann type. Consider for example the boundary perpendicular to the magnetic field — i.e. on the t
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Eq. (38) may be considered as a core flow equation, and the wallno-slip condition is achieved through an (unsteady) Hartmann

ht expect

e torsion
Thus, the
layer, whose thickness is

O

(
ρν

σB2
0

)1/2
.

TakingB0 = 0.2 T yields a value of 184 µm. The depths of these two layers are comparable and quite small, so we mig
significant wall friction, which could partly explain the discrepancy between theory and experiment.

The case of the rectangular tank has not been investigated in detail. Although the geometry is quite simple and th
function can be readily calculated, it does not possess such a high degree of symmetry as the cylinder or annulus.
nonlinear interaction are more complex, and further investigation is needed.

Appendix A. Coefficient definitions

A.1. Basic coefficients

Tn = tanh(λnh), sn = 1

Tnλn
, Ω2

n = g

sn
,

Γn = ‖En‖−2
∫
S0

T E∗
n dx dy, hn = λnΓnTn

8[(Ω2
n/4ω2) − 1] ,

Qnpq = ‖En‖−2
∫
S0

E∗
nEpEq dx dy,

Q′
npq = ‖En‖−2

∫
S0

E∗
n∇Ep · ∇Eq dx dy = 1

2
Qnpq

(
λ2
p + λ2

q − λ2
n

)

(A.1)

(see Appendix D).

Rnp = ‖En‖−2
∫
S0

(∇T · ∇E∗
n)Ep dx dy

on Pattern corresponding to a sub-harmonic regime (type I) observe

Snp =
∫
C

E∗
n∇Ep · dl, Znα = ‖En‖−2

∫
S0

E∗
n[T,Eα]dx dy,

Tnp = −s−1
n ‖En‖−2

∫
SW

fn(z)ψp
∂E∗

n

∂

dS, Fpq =

0∫
−h

fp(z)fq(z)dz.

The integralFpq can be evaluated by elementary methods:

Fpq = sp − sq

λ2
q − λ2

p

(p 
= q), Fpp = 2λph + sinh(2λph)

4λ3
p sinh2(λph)

.

Note that[f,g] denotes the Jacobian of the functionsf andg.
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A.2. Evolution equation coefficients
νn = Fnnλ2
n

sn
, Vnαβ = sα

(
1+ sβ

2sn

)
Q′

nαβ + 1

2sn
Qnαβ ,

Wnp = Rnp + ZpβSnβFnβ

‖En‖2sn
, Unαβ =

[
snλ2

n

2
− 1

sβ

]
Qnαβ,

�Unαβ = Unαβ + Unβα =
[
snλ2

n − 1

sα
− 1

sβ

]
Qnαβ,

�Vnαβ = Vnαβ + Vnβα = Q′
nαβ

(
sα + sβ + sαsβ

sn

)
+ 1

sn
Qnαβ ,

unα = �Unαβhβ, vnα = �Vnαβhβ.

(A.2)

Appendix B. Coefficients for the circular cylinder

Note firstly that

∥∥Em
n

∥∥2 = 2π

a∫
0

J2
m(λmnr)r dr = π

λ2
mn

[
λ2
mna2 − m2]

J2
m(λmna), (B.1)

hn = Tn

8λ0nJ0(λ0na)[1− (Ω2
n/4ω2)] . (B.2)

TheTnp coefficients: Theψ functions are given by,

ψm
n = irm

hamλ2
mn

Jm(λmna)eimθ + 2imJm(λmna)

ah

∞∑
k=1

Im(µkr)cos(µkz)

µk(µ2
k

+ λ2
mn)I ′

m(µka)
eimθ , (B.3)

whereµk = kπ/h. Using this formula we obtain,

sm
n

∥∥Em
n

∥∥2
Tnp = −2πm

hλ2
mnλ2

mp

Jm(λmna)Jm(λmpa)

− 4πm2

ah
Jm(λmna)Jm(λmpa)

∞∑
k=1

Im(µka)

I ′
m(µka)µk(µ2

k + λ2
mn)(µ2

k + λ2
mp)

.

TheRnp coefficient:

Rnp = πλmn

‖Em
n ‖2

a∫
0

r2Jm+1(λmna)Jm(λmpa)dr − 1

2
mδ

p
m.

TheWnp coefficient: First we calculate

Snp =
∫
C

(
Em

n

)∗∇Em
p · dl.

Expanding,

Snp = 2π imJm(λmna)Jm(λmpa).

Next:

∥∥Em
n

∥∥2
Znp =

∫
S

(
Em

n

)∗[
T,Em

p

]
dx dy =

∫
S

(
Em

n

)∗ ∂(Em
p ,T )

∂(r, θ)
dr dθ,
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∫ (
Em

n

)∗ ∂Em
p

∂θ

∂T

∂r
dr dθ = −π im

∫
rJm(λmnr)Jm(λmpr)dr.
S

Znp = −1

2
imδnp

in view of the orthogonality of the Bessel functions. It now follows that

Wnp − Rnp = ZpβSnβFnβ

‖En‖2sn
= πm2δpβ

Jm(λmna)Jm(λmβa)Fnβ

sn‖En‖2

= πm2 Jm(λmna)Jm(λmpa)Fnp

sn‖En‖2
= λ2

nm2

sn(λ2
na2 − m2)

(
Jm(λmpa)

Jm(λmna)

)
Fnp.

B.1. Comparison with GFS (1992)

A useful check is to compare this term with theCnp in GFS (1992). Given that

αn (GFS) = anJm(λmna)

a
(present paper),

we should find that

Ω2
nL0Cnα

(
Jm(λmαa)

Jm(λmna)

)
= 1

2
ω2

N(Wnα − Rnα),

or that

Wnα − Rnα = 2Ω2
nL0

ω2N

(
Jm(λmαa)

Jm(λmna)

)
Cnα.

Noting that

Ω2
nL0

ω2N
= 1

4
aλnTn = a

4sn

and that the expression forCnα given by GFS (1992) (re-written in the present notation) forn 
= α is

Cnα = 2m2λ2
n(sα − sn)

(λ2
na2 − m2)(λ2

n − λ2
α)a

the equality follows easily.

Other coefficients: TheQnαβ , andRnp coefficients have to be calculated using numerical integration.

Appendix C. Coefficients for the narrow annulus

The eigenfunctions are given by

Em
n = eimθ cos

(
nπx

L

)
, n = 0,1,2, . . . ,

∥∥Em
n

∥∥2 = πaL(1+ δn0),

wherex = r − a. The corresponding eigenvalues are

λ2
mn = m2

a2
+

(
nπ

L

)2
.

The torsion function takes the simple approximate form,T = −1
2ax, and the first-order solution coefficients are given by,

Γn = aL

n2π2

(
1− (−1)n

)
, hn = a[1− (−1)n]Tn

8λnL[(Ω2
n/4ω2) − 1] .

TheQmm0
nαβ , or simplyQnαβ , coefficients can be found, using the identity

Em∗
n Em

α = 1

2

(
E0|n−α| + E0

n+α

)
.
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It follows that
Qnαβ = 1

2(1+ δn0)
σnαβ ,

where

σnαβ = δ(n+α+β)0 + δ(n+α−β)0 + δ(n−α+β)0 + δ(n−α−β)0.

To find theW coefficient, first note that,

Snp = 2π im
(
(−1)n+p − 1

)
.

Also,

Znα = −1

2
imδnα,

so

ZpβSnβFnβ

‖Em
n ‖2sn

= −m2[1− (−1)n+p]Fnp

aLsn(1+ δn0)
,

Rnn = 0, Rnp = n2a[1 − (−1)n+p]
L(n2 − p2)(1+ δn0)

(n 
= p).

To calculateTnp we first note that

ψn = im

a

∞∑
k=0

aknXkn(x)cos(µkx)eimθ ,

where

Xkn(x) = (−1)n coshξkx − cosh[ξk(L − x)]
ξk sinh(ξkL)

,

and

ξ2
k = µ2

k + m2

a2
.

As beforeµk = kπ/h and theank are the coefficients in the Fourier cosine series expansion offn(z).
It then follows that

−snTnp(1+ δn0) = 2m2

a2Lhλ2
nλp2

[
1+ (−1)n+p

] c0 − (−1)p

ξ0 sinh(ξ0L)

+ 4m2

a2Lh

[
1+ (−1)n+p

] ∞∑
k=1

[ck − (−1)p]
ξk sinh(ξkL)(λ2

p + µ2
k)(λ

2
n + µ2

k)
,

whereck = cosh(ξkL).

Appendix D. Formula for Q′
pqr

We begin by using the identity∇2Er = −λ2
rEr to derive the formula,

∇ · (EpEq∇Er) = −λ2
rErEpEq + Ep∇Eq · ∇Er + Eq∇Ep · ∇Er .

Integrating over the cross-section, and applying the divergence theorem to the LHS we find

Q′
pqr = λ2

rQpqr − Q′
qrp. (D.1)

Applying (D.1) to the last term on its right-hand side we obtain

Q′
pqr = λ2

rQpqr − λ2
pQqrp + Q′

rpq .
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Repeating the process:

e

.

and
ials,

ntal
sing

59.

in

4)

l

asse
Q′
pqr = λ2

rQpqr − λ2
pQqrp + λ2

qQrpq − Q′
pqr

and rearranging, we find

Q′
pqr = 1

2

(
λ2
r + λ2

q − λ2
p

)
Qpqr .
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