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Abstract

This paper analyses the effects of a low frequency A.C. magnetic field on the free surface of a liquid metal. The action of the
vertical and uniform magnetic field is twofold. First it creates forced standing surface waves which generally exhibit symmetry
related to that of the container; second it triggers non-synioiege surface instabilities superposed on the forced regime.

A previous paper considered the case of a circular cylindrical tank where axisymmetric forced standing waves caused an electric
current perturbation which then excited narisymmetric waves at a critical A.C. fiellstensity. Nonlinear iteraction between

the symmetric and non-symmetric modes was not taken into account. The present work treats the problem from a more general
standpoint. Equilibrium peurbations are developed systematically to oftéwheredt is the magnetic interaction parameter)

and at this level of approximation we also need to consider nonlinear mode interactions and electromagnetic damping. The
theory applies to tanks of arbitrary shape and thi@tDirrotational motion may be described by the torsion function for the
particular pool cross-section. For circular and annular tanks we then derive a system of coupled Mathieu—Hill equations for the
time-development of non-symmetric surface modes. Two main types of parametric resonance are predicted, namely the single
or combination mode, and the particular type observed may depend on the geometry of the tank. Results of the stability analysis
are confirmed by experimental work carried out in mercury pools.

0 2004 Elsevier SAS. All rights reserved.
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1. Introduction

A.C. magnetic fields are commonly used in various metallurgical devices for heating and stirring liquid metals. Typical
frequencies range from 50 Hz to2RHz. In that frequency range only the mean part of the Lorentz forces plays a significant
role, the liquid metal inertia being too large to respond to theillating part of the Lorentz forces. The very low frequency
range, i.e. from about 1 to 10 Hz, has been quite recently explored. In this case, it has been shown both experimentally and
theoretically that the oscillating part of the electromagnetic forces could generate waves on the free surface of a liquid metal [1,2]
(referred to hereafter as GFS). This phenomenon occurs when the magnetic field and the first few normal wave modes have
frequencies of the same order. Mercury experiments in a cylindrical tank [1] have revealed two principal types of waves. For
weak magnetic fields, axisymmetric quasi-steady waves appear on the free surface. These are directly forced by the alternating
part of the electromagnetic forces. It walso found that above a critical magnetiddietensity symmeir-breaking occurred
and azimuthal modes developed. Their oscillation frequency in the vicinity of the transition was half that of the electromagnetic
force.
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Low-frequency fields are currently used in a number of imdaisprocesses. For example a low frequency pulsed A.C.
magnetic field in the continuous casting of steel is able to replace mechanical mold vibrations [3]. Contactless free surface
stirring may also be used to accelerate the kinetics of mass transfer in slag-metal refining reactions [4].

A theoretical linear stability analysis has been performed by GFS in cylindrical geometry. This showed the existence of a
basic state consisting of forced axisyntnewaves. Moreover their simplifiedatility analysis shoed that non-symmetric
modes were governed by a system of generalised Mathieu—Hill equations. Thus the appearance of unstable non-symmetric
modes could be attributed to parametric resonance. In GFS parametric forcing arises from the electromagnetic force perturbation
due to azimuthal surface waves. Any non-symmetric free surface perturbation alters the flow path of the basic axisymmetric
induced current and the resulting electromagnetic force pettarbeestabilises the free surface. However, in their analysis
GFS ignored the influence of both the axisymmetric wave motion as well as the electric current created by the fluid motion
across the magnetic field lines. It turns out that nonlinear interactions with the axisymmetric modes are of the same order of
magnitude as the electromagnetic force perturbations. We show later that both af8%f énd the former effect is likely to
have a significant effect on stability. Furthermore, the magnetic field strength required to trigger the instability is quite high, so
we might expect electromagnetic damping to be significant.

The present work is a continuation of previous analysis by GFS, but from a more general standpoint. We use an inner-
product method to formulate evolution edjeas for the wave mode amplitudes, perfong a systematic expansion to orde?,
wheret is the magnetic interaction parameter. This expansion shows it necessary to consider the two effects mentioned above,
omitted in the GFS analysis:

(i) nonlinear interactions between the forced-wave regime and non-symmetric modes;
(i) electric currents induced by the fluid motion across the magnetic field lines.

The inclusion of these two effects produces results which are significantly different from those of GFS. Field strength is
measured b@t and the critical value ot necessary to trigger the growth of a parametrically excited mode is denotég by

Since effect(i) is destabilising we obtain valuedtf which are consistently smaller the corresponding GFS values — in other
words we find parametric instabilities much easier to excite. This effect is particularly important when the field frequency is
nearly half that of a forced wave; then the forced-wave amplitude becomes very large and non-symmetric modes are triggered
by a relatively weak field. On the other hand, magnetic damping, effect (ii), suppresses many unstable modes found by GFS.
Indeed one complete class of instabilities entirely disappears.

In section two we establish the equations governing forced surface waves — the first-order basic state. Our method of
analysis is formulated for tanks of arbitrary cross-section, and as well as the circular tank we consider rectangular and annular
geometries. Then in section three we continue the expansion of the evolution equatidfﬁ)?o/&h important advantage of
the inner product method is that the ord@# rotational flow does not have to be found explicitly. We then use the nonlinear
evolution equation to derive a linear equation describing the growth of non-symmetric modes in cylindrical or annular tanks.
Section four is devoted to analysis of results and comparisons between theory and experiment. Conclusions are summarised in
section five.

2. First-order analysis

We consider a tank with vertical walls and an arbitrary (bufama) horizontal cross-section. Our method is most clearly
formulated if we make no particular assumptions about the tank cross-section, but later we specialise to cylindrical and annular
geometries. The tank contains fluid of dengitynd electrical conductivity to a depthz, and a uniform vertical alternating
magnetic field

B = Bgsin(wt)z 1)
is applied (Fig. 1). We assume the fluid incompressible sconstant and
V.-v=0,

wherew is fluid velocity. The time-dependent field induces an electric current in the fluid which interacts with the field to
produce a Lorentz force, which stirs the fluid and creates a pattern of standing waves on the free surface.

The first-order analysis is dedicated to the determination of the forced regime. We shall make two approximations
throughout: first that the magnetic diffusion tinnéuoa (whereL is a typical length scale andg the permeability of free
space) is much larger than an oscillation period — i.e.

wL?ugo <1, or R <1, 2
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z=0
Bysin(w t)

z=-h

Fig. 1. Sketch of the geometry.

whereR;!, is a magnetic Reynolds number based of the velocity sealeApproximation (2) also means that the magnetic field
due to the induced currents is small compared with the applied field, and may be neglected. Our second assumption is that the
ratio of electromagnetic to inertia forces is small, which is equivalent to assuming a small interaction parameter,

o Bg
~0_m«1, (3)
wp

as shown in GFS. In the forced-wave regime the induced Lorentz force of@mﬂaBg provides the free-surface acceleration
w?png, whereng is a typical free-surface displacement. Thus

no~MNL. (4)

2 will be used as a small expansion parameter.
2.1. The Lorentz force

Combining Faraday’s law and Ohm'’s law,

oB
Vsz—E, J=0(E+vxB). (%)
Note that
vxb
— | is OM
’E Is O(91),

so since we have assum8t« 1 we can neglect the induced curreni x B at this level of approximation. It follows the
induced electric currenf satisfies,

V x J =—owBgpcowt)Z. (6)

If we make the usual MHD approximation thditis solenoidal, and assume the container walls to be insulating,thenst
also satisfy

V-J=0, J-i=0 onaVv. @)

HeredV is the closed surface bounding the voluieof conducting fluid, comprising the tank walls, base, and free surface,
andn is the outward unit vector normal & .

Eqg. (4) shows in calculating the electric current to orfieive may assume the free surface horizontal. In this case the
induced electric current is also purely horizontal and independent of the vertical co-otdisatiere is no build-up of electric
charge on the free surface. It also follows tilatan be represented by a flux functiGtix, y),

J=VG x3, G = constant orC, (8)

where C is a curve in the(x, y)-plane corresponding to the cylinder wallsn& quantitis of interest depend only on the
gradientof G we can choose the constant to be zero, provided the region is simply connected. The form (8) satisfies Egs. (7)
identically, and (6) will also be satisfied provided

V2G = cwBycoswt). 9
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The solution is therefore,

G = —owBgcoswt)T (x, ), (10)
whereT (x, y) is thetorsion functionfor the interior of the closed curv€ — i.e. T is the solution of the boundary-value
problem

V2T=-1, T=0 onC. (11)

The problem (11) arises in the elastic theory of twisted rod§18] and also in the theory of Beuille flow [6]. For a number
of simple cross-section geometrigss given by an analytic formula; for the circte=a,

T = %((12 —r2),

and for the eIIipserz/a2 + y2/b2 =1,

T=ﬁ<l_ﬁ_y_2),
a2+ b2 a? b2

Multiply-connected regions require agtitly more detailed ralysis, sinceG may takedifferentconstant values on different
boundaries. In particular we need to consider an annulard¢atk < b (cylindrical polars). Since
1 R
A= EwBO coSwt)r o
is a vector potential fob B /dt, it follows from the first of Egs. (5) that
E=—-A+V¢,

whereg is an arbitrary function. Taking the divergence of this equation and noting/that= 0 on the walls- = a, r = b we
conclude that,

V2¢=O, Vo-in=A-n, onr=a, r=h.
It follows thatp =0, E=—A, J =—0cA and

1
T= —Zrz. (12)

The Lorentz force can be found using (8) and (9):
1
J x B= (VG x %) x Bysin(wt)z = anBgsin(Zwt)VT. (13)
This force field is irrotational, so for large Reynolds numbers the velocity fiehdll be irrotational (except in thin viscous
boundary layers on the cylinder walls).
2.2. The free surface expansion
To describe the free-surface displacement it is convenient to follow Wang [7] and introduce the furiGtions),
n=12,..., which are the eigenfunctions of the problem,
V2E, +*%2E, =0, VE,-aA=0 onC. (14)

Note that integrating this equation over the tank cross-section shows

/Endxdyzo.

The free surface displacements then expanded in the form

(0.¢]
H=Zan(t)En, (15)
n=1
where thea, are functions of time to be determiheAlthough the eigenfunions are necessarily real they may be written

in complex form for ease of manipulation, in which case thewill also be complex. For example the circular cylinder
eigenfunctions can be written in the form

&m0 1 Gunn), (16)



Y. Fautrelle, A.D. Sneyd / European Journal of Mechanics B/Fluids 24 (2005) 91-112 95

wherel,,, then-th zero ofJ;, (Aa). To ensure that the free surface displacemgistreal, the coefficients corresponding to the
eigenfunctions/,, (A,»r) €% must be complex conjugates. For the annulus, the eigenfunctions are

eimeymn (r),
wherey,, (r) is then-th eigenfunction of the eigenvalue problem,

rzy// +ry + (A2r2 — mz)y =0 Y@=y ®) =0.
The functionsE,, form an orthogonal sequence:

[ EaEaray=sigiEnZ [ VE - VEjdrdy =bugaZIENIR, 7)
where

||En|\2=/EnE;§dv,

v
the asterisk denoting the complex conjugate. We also define a related sequence of harmonic functions, by setting
coshi, (z +h)Ey(x, y)

n(x,y,2) = 3oy SN =En(x,y) fn(z) say (18)
These functions satisfy
2 - d¢
V<o =0, V¢n-n=0 on Sy and Sg, F =E,, (29)
2/ 7=0

whereSyy is the vertical cylinder wall and g the cylinder base.
2.3. Evolution equations
The linearised Euler equation of motion is
pz—;’=—VP+JxB. (20)

Here P = p + pgz, wherep is the fluid pressure. We neglect surface tension, so on the free sprfad®and the linearised
boundary conditions are:

(P)ZZO = pgn, 77 = (UZ)ZZO' (21)
We define thenner productof two vector fields as

(A,B):/A~B*dv,
\%

and derive evolution equations for thg(¢) by taking the inner product of (20) with each of the test functi®tys, [7]. The
first term, for example gives

o690 =p [ V- @i0)av = [ i ded,
\%4 S

where S is the free surface = 0 (assumed plane to ord@t). We have used Gauss’s Theorem, the tank walls and base, on
which v - 2 = 0 giving no contribution to the resulgrsurface integral. Using the sew of Egs. (21) aththe orhogondity of
the eigenfunctions, this simplifies to:
1

2..
E 22
P I Enll“dn, (22)

(v, Vo) = fn(o)/E:ﬁdXdy =
S

where
T, =tanh(A,h).

The two other terms are dealt with similarly and we obtain the following evolution equation:

1 .
in + Q2ay = szfmn Ty sinor),  22=gh,Ty. (23)
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Fig. 2. Forced-wave displacement in a circular mercury tank of radius 0.095 m for two applied frequencies. The ejlg¢AtEn2wr)) is
plotted.

The frequencies?, are just the natural gravity-wave frequencies; the coefficignrepresents the force arising from the
induced current, and is defined in the appendix.

When the applied field has been switched on for a long time, so that transient solutions of (23) have decayed sufficiently
(e.g. under the influence of viscous or ohmic dissipation not included in )y @nalysis) a periodic solution proportional to
sin(2wt) will be established;

(0.¢]
n=7)_ Enan(t), an(t)=Nhysin2or), (24)
n=1
where theu, coefficient is defined in Appendix A. For the circular cylinder,

1. ad T, Jo(A
n = ZNsinQ2wt) Y nJo(onr)

=< , 25
8 = MonJo(hona@)[1 — (22 /402)] (29)

which is identical to Eq. (2.18) of GFS. The torsion function for the circular cylinder is axisymmetric, so from (16) we see that
I, = 0 except for then = 0 modes. Thus only eigenfunctions of the favgirg,r) appear in the expansion (24), and the surface
waves form circular concentric ripples. A comparison given in GFS with experimental results shows good agreement. Fig. 2
shows free-surface profiles in an cylindrical tank for two excitation frequencies. Fig. 3 shows a photograph of the experimental
forced wave regime in a cylindrical tank.

The flow, being irrotational is determined uniquely by the specification 6f, y) on the free surface. It follows that

o
v=" anVen +0O(N?). (26)
n=1
In this section we used an approximation of order zer®lirfor the free-surface displacementto find the improved

approximation (25) which is @1). In the next section, to describe the growth of non-axisymmetric modes, we usg®jir O
expressions fon andv to derive a mode-evolution equation accurate (mé).

3. Analysisto order 22

Galpin and Fautelle [1] found in their experiment with a circular tank that for sufficiently strong magnetic fields, non-
axisymmetric modes were excited. This observation implies that the forced-wave solution for the circular tank (25) may become
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Fig. 3. Axisymmetric forced-wave pattern in a cylindrical tank [The dominant mode is (0,15) with eigenfrequency 5.61 Hz. The field
frequency is 7.995 Hz. The pool radias= 0.095 m and the depth = 0.113 m; By =0.080 T.

unstable. In the previous section we used a linearised form of Euler’s equation so the coefficient evolution equation (23) was
also linear, not admitting the possibility of instability. This same equation shows that generally the expansion coefficients
are of first order in the expansion coefficiéft

To analyse non-symmetric iradiility it is therefore necessary to use a higheder approximation and consider terms in
Euler’s equation which are quadratic in the expansion coefficients — i.e. to continue the expansi(mzuo Again our
expansion is valid for containers of arbitrary shape. Although (26) shows @ fow to be irrotational, the @12) flow will
not necessarily be so, but our inner product method does not necessitate an explicit calculation of this rotational flow.

3.1. Current correction

In the last section we assumed purelyihontal electric current flow, with #h consequence thatd boundary endition
J -n =0 at the non-planar free surfage= n is satisfied only to zeroth order. In a higher-order calculation we need to take
account of the perturbation current caused by surface ripples, and also the current induced by the fluid velocity.

According to Ohm'’s law,

J=0(E+vxB). @7)
As before we use Faraday’s law to determine the electric field,

E = —wBgcodwt)VT x 2+ VV =Eg+ VV say (28)
whereV is an arbitrary scalar potential. Substituting (28) into (27) we obtain,

J=0(Eg+VV+vxB) (29)
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and taking the divergence (remembering thas irrotational to leading order) we finti2V = 0. The current potentiaV is

now uniquely determined by the boundagynditions necessary to ensure tilatz = 0 on all boundaries, namely:
Vo(x,y,—h) =0, Vz(x,y,00=Ep-Vn, (30)
(VV -i)s, =—vx B-n. (31)

The termsVV andv x B are both @o Eg) and represent the second-order correction to the current. In GFS only the first of
these terms was considered, but since they are of the same order both should be included.

A solution can be formulated by writing as the sum of two harmonic functio®s= V1 + V5. The first function is made
to satisfy the free-surface condition arising frdig:

Vi (x,y, —h) =0, Viz(x,y,m)=Eq-Vn,  VV1-i=0 onSy; (32)
while the second satisfies that due to the induced current:
Vo (x,y, —h) = Vp,(x,y,0) =0, (VV2~ﬁ)SW =—vx B -n. (33)
We can expand/y in the form
o
V1 = wBgcoqwt) Z cnn (34)

n=1

which immediately satisfies the first and third of conditions (32). &hare constant coefficients determined by the second of
(32) and (28):

o0 o
—VT x7- Z amVE, = Z cmEm.
m=1 m=1

Multiplying each side byE;f and integrating over the tank cross-section, we find
cn = Znady (35)

where the coefficienZ,,, is defined in Appendix A. In this equation, and subsequently, we use the convention that repeated
Greek subscripts are summed from 1 to infinity.
The third of conditions (33) can be rewritten using (26) in the form,

R . . 0Eq
(VV2-n)s,, = —Bosin(wt)aq fa(Z)BT,

where is horizontal distance around the cylinder wall. If we define a sequence of fungtiansy, z) satisfying,

V=0, ey o=y —ny =0,
0z 0z
. IEn
V¢ -n)gy, = fn(Z)a—Z, (36)

then the solution fo#, can be written,

Vo = —Bg Sin(wt)ag ¥y - (37)
3.2. Euler equation and free-surface conditions

Since we neglect viscosity, fluid motion is described by Euler's equation, where now we retain terms(0ffjoTus the
Lorentz force term now includes the currem¥; and the induced current. In the quadratic acceleration term, we retain terms
in v2 wherev is the Q) irrotational velocity given by (26). Euler’s equation therefore takes the form,

av
at

wherewv  is the horizontal component ef and the expansion (29) has been used to express the current perturbation. In (38)
the first term of the right-hand side which involves the torsion function is responsible for the forced-wave regime. The second
term is a force perturbation which arises from deviation of the electric current flow due to the free surface deformation. Finally,
the third and the fourth terms describe electromagnetic damping of the liquid metal flow.

1 1
00— + EpV(uz) - anBg SINRwH)[VT + co Vo x 2] — 0 BESIP (@) [vy + do Vi x 2] — VP, (38)
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On the free surfacey =0, so,

(P)z=n = pgn- (39)

The kinematic boundary condition is obtaineg ioting that a fluid partie initially on the free sudce remains there for all
time. Thus

D an

—(@zZ—-n=v;—— —v-Vp=0.

D&M=V = vV
Differentiating with respect to time we obtain

b —v-Vn=ij+v-Va. (40)
3.3. Evolution equation

As before, the evolution equation is obtained by taking the inner product of (38) witfidfie
Term 1 For the first term we find

1= p(5. Vén) =/v L(grordv =p/¢,’:b ds,
1% Sk

whereSr is the free surface = 7, the tank walls and base giving no contribution to the surface integral. The surface element
on F is given by

dS=(z — Vp)dxdy

so we can use (40) to obtain

11=p/¢;'f(x,y,n)(ﬁ+v-Vf7)dxdy- (41)
F

To evaluatep;’ on the free surface = we expand as a Taylor series abaut O using (18) and (19), and find that the first
term of (41) gives

/(Sn‘*"])E;:ﬁd—XdY» sp = fn(0) = T
nin

Using the expansion (15) drithe orthogonality of the eigéimctions this can be written
||En|\2(s,,2in + Qnapaadg) (Summation convention) (42)

where the coefficienD, s is defined in Appendix A. The second term of (41) is quadratic in the coefficigrds to ordem?
we simply integrate over the unperturbed free surfaee0. Using similar methods we obtain the expression

1EnPsn 50 Qg g (43)
(see Appendix A). Combining (42) and (43) we find

Iy = pll En 1 [sniin + Qnapaa g + snsa Qpypiatp). (44)
To leading order it we may replacéig in the quadratic term of (44) by

ig = —R5ag,

maintaining the same level of approximation.
Term 2 The inner product arising from term 2 is,

<%V(v2),v¢n>= %/V-(UZVd):)dV: %/sz:dxdy. (45)
|4 F

Since this expression is quadraticirand terms of orde* or higher are neglected, we may take the free surface to-be.
Likewise we use (26) for the velocity field and find

(v2),20 = sasg[VEq - VEg + Eq Egliaig,
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then substitute into (45) to obtain,

l . .
I2= 5P En (5058 oy + Qraplicdtp. o

Term 3 Taking the inner product oV¢, with the first term on the right-hand side of (38) we first note that sifide
independent of,

n
/vrw;‘;dv:/ dz/fn(z)VT-VE;';dxdy.

v —h
The result of the;-integration isk;z + nsn +O(M?), and the integral reduces to,

IEl|2(T + 5n Rncta)- (47)
The remaining contribution to term 3 is

/Ca (Vo x 2) . V¢Z dx dy dz = co Fra Sna» (48)
\%4

(see Appendix A). Using (35) we can combine (47) and (48) and write
1 .
I3= anBg sinwt) [Tyl Enll? + (Il En|?sn Rua + Zep Sup Fug)aa |- (49)

In the right-hand side of (49) the term involvirg, corresponds to the forcing of the axisymmetric modes. It vanishes for the
non-symmetric modesi(+ 0).
Term 4 The inner productVy x zZ, V¢, ), can be written in terms of the coefficients defined in Appendix A, as

snl Enl2Tng. (50)
Also,

(VX Z)XZ=v—v;Z=dq fu(z)VEq,
so taking the inner product witki¢,, and using (17) yields,

Funén G Enl?.
Thus the complete inner product from term 4 is,

I4 = —0wB§ S (@1)[5n Tna e + Fanr2n )|l En|?. (51)

Term 5 The final inner product
Is=(VP, V)= / V- (PVey)dv =/pgnv¢f§ (2= V) dxdy,
14 F

using (39). Arguments similar to those already used show that
Is = pgan | Enl| + % PN Enl|?sn; Qnap daag. (52)
Collecting termg/; to I we obtain the evolution equation,
iin + Ny SIP(@1)in + 22(an + Uppaaap) + Vaapiads
= %wzmsin(zwt)(mn + Woada) — oM SinP(@t) Theda, (53)

where the coefficients,,, U,qg, Viag: Wne and T,y are defined in Appendix A. Note that if we discamm?) terms from
this equation — remembering that thg coefficients are @) — we recover (23).
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3.4. Growth of a non-axisymmetric mode in a circular or annular tank

We can use (53) to derive an equation for the growth of non-symmetric modes. Suppose that all non-symmetric modes are of
small amplitude, say wheree < M. In (53) we leta,, be a non-symmetric mode with azimuthal wavenumbeand neglect
terms of Qe2). TheU andV terms which involve double summations require special care. Since we neg&@t)tt@ms in

Unapaaag

eitheray orag must represent a symmetric mode with coefficrsin(2wt) iy or 91sin(2wt)h g (24). TheU term can therefore
be written in the form,

NSINCwt) (Upap + Unpa)haag. (54)

Moreover,U,qg is proportional to the coefficient

Onap = |\En|r2/ E}EqEgdxdy,
So

(A.1). Since the azimuthal wavenumbers gy and E,, and O aren respectively, theQ coefficient vanishes unlegsg, and
henceag also represent waves of azimuthal wavenumbeiThus in (54) thea, are all of azimuthal wavenumbet, and
the evolution equation fag, involvesonly coefficients of the same azimuthal wavenuminesther words the non-symmetric
modes for various: evolveindependentlyThe V term can be dealt with similarly, and the evolution equation takes the form,

dn + Nowvy, Sinz(a)t)dn + Qg[an —+ ‘ﬁsin(Za)t)unaaa] + 20w o 2wt ) Vg o
1
= Ea)z‘ﬁsin(Za)t)Wmaa - a)‘ﬁsinz(a)t)Tnaiza, n=123,..., (55)

where the coefficients, s, vp are defined in Appendix A.

In (55) the two coefficients of sfiiwr) represent electromagnetic damping. The first term of the right-hand side includes the
destabilising force perturbation derived by GFS. The tarms vn, represent nonlinear interaction with symmetric modes and
may be also destabilizing, depending on the value of the magnetic field frequency as we shall see later.

4. Resultsand comparison with experiments
4.1. Onset of parametric instability

Egs. (55) are linear with periodic coefficients — essentially a system of coupled Mathieu—Hill equations. Providing the
interaction coefficiend? is small, there are simple approximate criteria for the onset of parametric instability [8]. These can
be expressed in terms of the various equation coefficients, formulae for which in the case of the circular cylinder are given
in Appendix B. Certain of the coefficients such as hg,s cannot be expressed by a simple formula, and must be found by
numerical integration. The c@sponding coefficients for the narrow-gap amsuhre given in Appendix C, and illustrate how
pool geometry may select the type dditisition. Experiments have been performed in an annular tank [9].

Whether a solution of (55) grows or decays depends on the values of the interaction par@meer the forcing
frequency 2. Regions of instability may arise from points on #hie= 0 axis in the(w, D1)-plane where the natural frequencies
are simply related to the forcing frequency. Specifically sdonance pointeccur when,

-Qn + -Qm -Qn - -Qm
w=52, w= > , o w= > .

We refer to these as type I, type Il and type lll resonances respectively. The approximate theory [8] gives simple criteria for
determining whether or not a particular resonance point is the source of an instability region. Stability depends essentially on
the relative strengths of thethping and forcing terms. When an instabilitgi@n does arise it is bounded by a pair of straight
lines of equal and opposite slope passing through the resonance point. The earlier paper GFS did not include electromagnetic
damping and all resonance points generated instability regions, but we shall see that many of these disappear when damping is
included.

The approximate theory [8] shows that instability at a resonance point can be analysed with a reduced set of Eqgs. (55)
consisting of only those equations involving the natural frequen@jgess2,, which determine the resonance point. Thus for a
type | resonance we need consider only a single equation, and for type 1l and type Il resonances a pair of equations.
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There is however another important factor. It can be seen from (25) or (B.2) that the axisymmetric coefficieeteme
very large when

Thus, wheno ~ %Qn the coefficientsu,y, vne in (55) also become large. We have in effect a “dual resonance” between
axisymmetric and non-axisymmetric modes. In the sindple 1 theory it is assumed thatis constant but clearly, because of
the possibility of axisymmetric mode resonance, variations must have an important effect. The simple approximate theory
does not give an accurate globaltpi@ of the sthility boundaries.

To compare theory and experiment thebditey boundaries were therefore calculated muitally. To determine the stability
of a point in the(w, M)-plane, the Floquet matrix was calculated by numerical integration of (55). The eigenvalues were then
calculated numerically, an eigenvaluétwabsolute value greaterah unity indicating instabty. The stabilityboundary search
was started at a resonance paint £2,, on thew-axis, then tracked by finding two further points on either side of the boundary
and locating the next boundary point by a bisection method.

4.2. The circular cylinder

The paper GFS made a comparison between the theoretical and observed critical magnetic field strength necessary to excite
various parametric instabilities. The agreement was only qualitatively correct and the more complete analysis given here might
be expected to give better results.

We should however point out that comparison with experiment is fraught with difficulty, and we cannot expect exact
guantitative agreement. The critical valueddiecessary to excite an instability, Sily- is very sensitive to the frequency, and
a small error inf may produce a large relative errority . Also a small difference between the experimental eigenfrequencies
and the theoretical ones may produce a relatively large change in the theoretical vaige Dhe theoretical determination
(23) of the eigenfrequencies may become inaccurate for small wavelengths because of the complex dynamics of the meniscus
near the lateral wall [10]. Indeed, in calculating natural frequencies we have used the meniscus correction suggested in this
paper. Although we have included electromagnetic dampingr dtraping sources have been neglected, such as viscosity and,
perhaps more importantly, damping due to movement of the mercury meniscus on the tank walls. The latter effect would be
difficult to calculate theoretically, but a method has been suggested by Hocking [11]. Meniscus damping was considered by
Ursell [12] to be the main source of disagreement between traatexperiment. We therefore expect theoretical predictions
of ¢ to be somewhat smaller than experimentally measured values.

The approximate theory for type | resonances show that:far 7 only the basia: = 1 mode with eigenfunctiod,, (A,,1)
gives rise to a parametric instability in the range of experimental frequencies used by Galpin and Fautrelle [1]. It appears that
electromagnetic damping eliminates the- 1 modes of shorter radial wavelength. For- 7, type | resonances occur for all
n in the range 1-10 (at least), but the= 1 mode always has by far the largest growth rate. Indeed orlyl modes have
been observed experimentally. All type Il resonances apjoebe destabilising, but the lowest frequency is about 8.5 Hz, at
the upper end of the experimental range. None of the first 60 typedtinances is destabilisifgote that the type | instability
is created by the interaction with the axisymmetric modes as well as the perturbation of the basic electric current as discussed
by Galpin et al. [2].

Table 1

Experimental results of Galpin [13] and Galpin arautrelle [1] obtained in a mercury cylindrical
tank witha = 0.095 m and depth = 0.113 m. Then column lists the azimuthal wave numbé#?

and F/"" denote respectively the values of the eigemfiencies given by the simple formula (23) and
the corrected estimates given by Miles [1fis the experimentally observed stability threshold and
N the theoretically calculated thiesld. Frequencies are given in Hz

(m) F™ FI f N h1d

3 3315 3321 337 0114 Q097
4 3730 3743 363 0208 Q116
4 3730 3743 378 0093 Q043
4 3730 3743 384 0161 Q151
5 4.097 4120 403 0138 Qo077
6 4.430 4467 443 0106 Q026
8 5023 5100 505 0051 Q012
11 5792 5954 600 0044 Q035

15 6672 7010 700 0026 0026
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Field frequency (Hz)
Fig. 4. Comparison between theory and experiment. The points maiikediveles show to the difference between the experimental value of
1. and that derived from the present theory. The crosses differences based on the GFS theory. The pool radit0.095 m and the depth
h=0.113 m.
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Fig. 5. Stability boundaries for modes= 3 tom = 6.

The experiments described by Galpin and Fautrelle [1] and by Galpin [13] included only a few measurerigntsabf
made in the vicinity of type | resonances. Table 1 summarises the results. The values of the eigenfrefjliecciesspond to
the simple formula (23). However, to achieve the comparison we use a corrected estifnastablished by Miles [10]. That
correction takes into account both surface tension and the meniscus effects near the pool edge.
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Fig. 6. Stability boundaries for modes= 7 tom = 10.
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frequency in Hz

Fig. 7. Stability boundaries for modes= 11 tom = 15.

The agreement between the observed and calculated stability threshold is erratic, but as expected, the theoréticil value
always smaller than the observed valiieSome of the difference may therefore be attributed to neglected sources of damping.
Fig. 4 illustrates the difference between the GFS calculatiori8©fand the present results. Generally the GFS predictions
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Fig. 8. Pattern corresponding to a sub-harmoeigime (type I) observed on the free surface of a cylindrical mercury pool. The observed
dominant mode is (3,1) with eigenfrequency 3.43 Hz. The applied frequency is 3.20:H2095 m,» = 0.113 m,By=0.28 T.

are too high, probably because nonlinear mode interactions were neglected. The present theory is also much more accurate at
higher frequencies.

Figs. 5—7 show numerically-caltated stabilityboundaries over the range 2.8 Hg#.3 Hz. The points in thed, 91)-plane
at which transition to instability has been observed are marked by crosses, and it can be seen that these are generally close to the
boundaries. The dotted vertical lines mark resonant frequentadsymmetric modes. The diéity boundary approaches the
91 = 0 axis in the vicinity of these lines, indicating strong destabilisation by large-amplitude axisymmetric modes. The natural
frequency correction due to Miles [10] was used throughout.

Fig. 8 shows some typical type | resonances in a cylindrical mercury tank of radius 9.5 cm. In both cases the forced waves are
always superimposed on the azimuthal modes. Accordingly, identification from a photograph is not so easy. However, analysis
of the video as well as the instantaneous amplitude recordings allow the identification of the resonance type [1]. In Fig. 8 for
example, the dominant mode is (3,1) whose eigenfrequency is close to the magnetic field frequency.

4.3. The narrow annulus

Experiments have been performed in annular tanks- < b by Fautrelle [9]. If we assume a narrow gap, takibg-a) < a
the analysis is greatly simplified, and the coefficients can all be expressed by simple formulae given in Appendix C. It is
noteworthy that the matrices,y, vy and Wy, have zero coefficients on their diagonal. Sneyd [8] has shown that in that case
only type Il resonances occur.

A numerical calculation of the stabilitpoundary is shown in Fig. 9. For consisty with the assumptions, only small
values of)t may be considered. Two non-symmetric modes have been considered, ngraalyu, for m = 3 corresponding
to experiments discussed below. The results confirm that only the type I, i.e., the combination resonance appears. Note that
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; Experimental valtes 5
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Fig. 9. Computed stability diagram for a narrow mercury annulus, usiogntade truncation. The critical e of the interaction parameter
N is plotted versus the field frequency in Hz. Theegifrequencies of the modes (3,0) and (3,1) Ay@ = 3.526 Hz andf3 1 = 4.862 Hz
respectively in the narrow gap approximation. In the annulus case withdimitethe theoretical eigenfrequaes of the modes (3,0) and (3,1)
are fs/,o = 2558 Hz andfro,/’1 = 4.422 Hz respectively. The dots represent experialepbints. The circles correspond to the experimental
values which have been shifted to coincidighvthe values of the narrow-gap approximation.

there also exists a strong resonance foe 2.12 Hz. Actually, the latter frequency corresponds to a resonance point for the
first axisymmetric mode, so the coefficigint in (24) becomes large. Accordingly, the coefficients of the matriggs v,y
become large as well, and the stability of the system is lowered. The latter result confirms that forced mode may also indirectly
destabilise the system.

Another series of experiments was performed in an annulardank < b by Debray and Fautrelle [9] and Debray [14].
Here the inner tank radius was 5 cm and the outer 9 cm, so the narrow-gap approximation caused some inaccuracy. However
this approximation is probably adequate for estimating the coefficients, given the other sources of experimental error. Two
main discrepancies arise from the use of the narrow gap approximation. First, the natural frequencies are different, although the
orders of magnitude are similar. Second, the experimental geometry in Debray and Fautrelle [9] is intermediate between the
circular cylinder and the narrow annulus, so that in the experiments both type | and type Il resonances are observed. However,
the experiments indicate thdttet strongest resonances cgpend to type Il transitions.

For example a type Il resonance involving the modes (3,0) and (@ 3 8) was observed and analysed. The results are
illustrated in Fig. 9. The experimentabsility boundary is shown and compared with theultsof the narrow gap theory. Note
that in those experiments the mercury was covered by a water layer of 0.10 m depth. It was checked that in the experiment the
stability “tongue” was a rade combination transition involving the madg,0) and (3,1) with eigenfrequenci¢§0 =256 Hz

and fé’ 1 =4.42 Hz respectively. Those eigenfrequencies were very close to the theoretical estimates taking into account both
surface tension and the presence of theewtayer for a finite gap annulus. The prestireoretical staitity boundary is stfted
because of the narrow gap approximation which yields different values of the eigenfrequencies. However, the slopes of the
theoretical and experimentalagility boundaries are quitsimilar. The theoretical threshold is consistently lower than the
experimental one, as expected.

Fig. 10 shows a typical type Il resonance in an annulus Debray and Fautrelle [9]. The dominant modes are (3,0) and (3,1).

5. Discussion and conclusions

We have considered the effects of a very low frequency A.C. magnetic field on a liquid metal domain having a free surface.
The analysis is based on an inner product method, and various shapes of liquid domain have been considered. We show that
the magnetic field has two major effects. First, it creates forced standing surface waves. These forced waves possess the same
symmetry properties as the liquid domain. It is noteworthy that they may be described by a simple torsion function which
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Fig. 10. View of a type Il regime in a mercury annulus Debray andirielie [9] without a covering water layer. The dominant modes are
(3,0) and (3,1), whose theoretical eigenfiencies respectively are 2.76 Hz and 4.76 Hze frequency and strength of the magnetic field
respectively are 3.86 Hz and 0.23 T. The pool dimensiong af& cm,b =9 cm andh =2 cm.

can be easily determined for many domain shapes. Second, it is shown that non-symmetric modes may be unstable when the
magnetic field amplitude exceeds a critical value. This instability may appear as a simple parametric resonance (the so-called
type | resonance) or as combined-mode resonances (type Il or type Ill resonances). The appearance of type | and Il transitions
have been confirmed by experiments in annular tanks.

This instability origirates from two main mechanisms. First, the mymmetric free-surfacalisplacements create
perturbations of the basic (symmetricgetric current, which lead tdestabilising electromagnetfiorce perturbations. Second,
nonlinear interaction with the forced symmetric solution is also destabilising. Note that in the circular cylinder case, the latter
mechanism is predominant. It is also found that the shaptheftank influences the transition type. For example, in the
narrow annulus case only mode-combinatinstability may be olained, whilst in the circulacylinder both type | and type Il
transitions are observed.

The solution procedure is facilitated by the fact that th@i®forced waves are irrotational, and that the inner product method
makes a detailed calculation of the@?) rotational flow unnecessary. Note that in the experiments Galpin [13] the surface
wave pattern was very stable and could be observed for setietaands of oscillation periodsoe rotational motions have
been observed only for a magnetic field frequency greater than approximately 10 Hz.

From the comparison between the theoretical and experimental results we see that experimental magnetic field thresholds
are greater than the theoretical ones. One reason could be viscous damping which is not taken into account in the present theory.
In particular, two types of viscous boundary layer will form on the tank walls. First, we may find boundary layers generated by
the external oscillatory flow, whose thickness is Batchelor [6]

o<—”1/2).
w

For mercury and a magnetic field frequenty= 2 Hz, the typical depth of the viscous layer is 90 um. Second, the viscous
layers may be of Hartmann type. Consider for example the boundary perpendicular to the magnetic field —i.e. on the tank base.
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Eq. (38) may be considered as a core flow equation, and thenaralip condition is achieveditough an (unstady) Hartmann
layer, whose thickness is

1/2
o(—pvz) .
O‘BO

Taking Bg = 0.2 T yields a value of 184 um. The depths of these two layers are comparable and quite small, so we might expect
significant wall friction, which could partly explain the discrepancy between theory and experiment.

The case of the rectangular tank has not been investigated in detail. Although the geometry is quite simple and the torsion
function can be readily calculated, it does not possess such a high degree of symmetry as the cylinder or annulus. Thus, the
nonlinear interaction are more complex, and further investigation is needed.

Appendix A. Coefficient definitions

A.1. Basic coefficients

g
T, = tanh(u, ), = . ==
n R h) Sn Ty n n
AnduT,
Fn=||En||*2/TE;‘dxdy, hy = ——5—
8(27/4w?) — 1]
So
-2 * (A.1)
anq = | Enll EnEqudXd)’;
So
1
-2 2 ,,2 4,2
Qupq = I Enll /E;*VEP -VEq4drxdy = EQW(A,, +rg =)
So

(see Appendix D).

Rup = ||En||_2/(VT -VEX)E) dx dy
So

on Pattern corresponding to a sub-harmonic regime (type 1) observe

Snp=/E:,(VEp'd|; Znot=||En||72/E;’,([T;Ea]d—Xdy,
c So
0
1 _2 dE)
Tup = —s; S Enll fa@vp=—tdS. Fpg= [ fp@)fg@)dz.
Sw —h

The integralF ), can be evaluated by elementary methods:

Sp—Sq 2hph +sinh(2x 1)
Fpg=—5—= ( )s Fpp=—5—5—"—.
rM=iz 5z 74 PP 3 sinkRGuph)

Note that[ f, g] denotes the Jacobian of the functiohsindg.
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A.2. Evolution equation coefficients

Fun)2 sp 1
Vn = Tn» Viap = Sa <1+ Z_S‘n Q;,aﬁ + EQnaﬁ,
Z pBSup Fnp suhe 1

Wy = R ZpPTnpnp = n_ - ,

np np ||En||25n nof 2 s Qnaﬂ
— 2 1 1
Unaﬁ = Unaﬁ + Unﬁa = |snAy — S‘_ - s_ meﬁ,

S S

_ , SaSB 1
Viap = Vnap + Vnpa = Qnaﬁ Sa +58 + 5 + ; Onap>

Una = ﬁnaﬁhﬁ, Una = Vnaﬁhﬂ

Appendix B. Coefficientsfor thecircular cylinder

Note firstly that

mn

a
|E2 1P =21 [ S2 Gy & = 520 = 2] 32 Gonna),
0

hy = Tn .
8100 J0(hon@)[1 — (22 /40?)]

TheT;,, coefficients: The v functions are given by,

irm ; 2im Jy Ounn@) I r) CO z ;
U = Gy @ I o) T YT SO s,
ha™ )y ah k=1 Mk (g + Ann) I (1 @)

whereu, = kmr/ h. Using this formula we obtain,

-2
S;n ||E21 ||2Tnp = #J}n (Amna@)Jm (Ampa)

mn’mp
4rrm? - I (pxa)
——JIm (A Im (A
ah 'm (Amn@) Jm ( mp‘l)z

k=1 I;n (Hpa) g (M]% + Agﬂn)(ﬂ% + )‘1%11))

The R, coefficient:

a

A 1
Tt hmn /rzjm+1(kmna)Jm(Ampa) dr — Emé,ﬁ
0

Rup =
IER 12

The W, coefficient. First we calculate

Cc
Expanding,
Snp = 2mwim Iy Amna) I Ampa).
Next:

A(E™,T)
| £ ||zzn,,=f(E;;1)*[T, E?]dxdy:/(E,T)*ﬁ dr b,
S S ’
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(A.2)

(B.1)

(B.2)

(B.3)
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OEY 3T .

/(Ef)*—”— drdo = —mm/rjm(xm,,r)Jm(Am,,r) dr.
00 or

N

1
an = —§|m(5n[)
in view of the orhogonality of the Bessel funatis. It now follows that

_ ZpﬂSn/SFnﬂ _ m25 I (mna) Im ()Lmﬂa)Fnﬂ

Wup — Ryp = T
T T, s, i snllEnll2
—JTmz Im (Amn@) Jm ()\mpa)an _ Kgmz (Jm()xmpa)>
sn”En”z sn(kﬁaz—mz) Jm (Amna) e

B.1. Comparison with GFS (1992)

A useful check is to compare this term with thg,, in GFS (1992). Given that

o, (GF9 = AnJm (mn@) (present papey)
a

we should find that

I o @) 1
2 m\Ama 2
25LoC —_—— | = =" N Wy — Rna),
nt0 na<Jm()\mna)) zw (Wha na)
or that

_— _293L0<Jm(kmaa)>

no ne a)zm Jm (Amna) i
Noting that

Q2Lg 1 a

= — )\, T = —
w2n 4T g,

and that the expression fah,, given by GFS (1992) (re-writtemithe present notation) far+# « is
2m222 (s¢ — 5n)

T 02a2—m2)02 —12)a

the equality follows easily.

CnOt

Other coefficients: The 0,44, andRy, coefficients have to be calculated using numerical integration.

Appendix C. Coefficientsfor the narrow annulus
The eigenfunctions are given by
Er = ém? cos(?), =012, |[Er|?=rald+8,0)
wherex =r — a. The corresponding eigenvalues are
A2 = m? + <E>2
2 L
The torsion function takes the simple approximate forma; —%ax, and the first-order solution coefficients are given by,

alL

n all— (=",

" B LI(22/402) — 1]

The Q%,éov or simply 0,44, coefficients can be found, using the identity

1.0

0
Ey“Ey = E( n—a| T En+0()'
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It follows that

1
Qnozﬂ = m%aﬂ )

where
Onap = S(nta+8)0+ d(n+a—p)0 T S(n—a+p)0+ d(n—a—p)0-
To find theW coefficient, first note that,
Spp = 27im((—=D)" TP —1).
Also,

Zno = _Eimfsnoz,
SO

ZppSupFnp _ mPL— (=1)"TP1Fyp
I Ef (1 2sn aLsy(1+6,0)
n2a[l— (=1)"*+P]

L(n2 — p?)(1+ 8,0)

)

R, =0, Rnp = (n#p).

To calculateT;,, we first note that

. [ele]
Im ;
Yn="—_ anXn(x) cospx) €,

k=0
where
X (1) = (=" coskékx_ — coshé (L — x)] ,
& sinh(§ L)
and
2
Ekz = u,% + ’Z—Z.

As beforeu, = kx/h and thea,,; are the coefficients in the Fourier cosine series expansigh(@J.
It then follows that

2m? (=1
—snTup (L4 8,0) = ———5— P02
$nTup (14 9n0) a2LhA2) 2[ =D ]éoSlnh(éoL)
4m? ad [ex — (=D)P]
+ [1+ (=D 7]
2Lk ZsksnnmskL)(A2+uk><A2+uk>

wherec;, = cosh§;L).

H /
Appendix D. Formula for OQhgr

We begin by using the identity2E, = —12E, to derive the formula,
V - (EpEgVEr)=—A2EEpEg + EpVEg - VEr + EqVE) - VE;.
Integrating over the cross-section, and applying the divergence theorem to the LHS we find
2
Q/pqr = Qpgr — Q;rp'
Applying (D.1) to the last term on its right-hand side we obtain

/ 2 2 /
qur =Xy Qpgr — )‘qurP + Qrpq'

111

(D.1)
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Repeating the process:
2 2 2
Q/I’qf = )‘r QP‘I’ - )‘p qup + )“q Qrpq - Q/pqr

and rearranging, we find

1.5 2 .o
Q/pqrzé()\r‘f')\q—)\p)gqu'
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